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Abstract—Large language models (LLMs) have become increasingly
popular nowadays with a wide range of promising applications. However,
a key challenge is that the resource consumption of such models can
be high even at the inference stage. This problem becomes especially
exacerbated in resource-constrained mobile edge computing systems.
In this paper, we propose a novel approach for optimizing LLM inference
on edge servers with resource budget constraints. By observing that
similar input prompts usually generate similar LLM outputs in expressive
LLM applications, our method caches representative input-output pairs.
When a new input is close to a cached input prompt, the system directly
returns the cached output without querying the LLM, thereby reducing
the resource consumption while still being able to provide accurate
results. We formulate a stochastic optimization problem to minimize the
embedding distance between new and cached inputs subject to a given
resource budget. The problem is solved using a novel way of integrating
the Lyapunov drift-plus-penalty framework with resource cost estimation
and caching. Our theoretical analysis shows provable upper bounds
of both constraint satisfaction and optimality of the solution given by
our proposed algorithm, while providing useful insights on the trade-
off between them. In addition, our experiments with real datasets and
models show up to 7.2% improvement in the model accuracy compared
to baseline approaches when the resource budget is the same.

Index Terms—Large language models, machine learning, mobile edge
computing, resource control, stochastic optimization

1 INTRODUCTION

Large language models (LLMs) have become a cornerstone
of modern natural language processing (NLP), enabling a
wide range of applications such as text classification, gener-
ation, translation, etc. [1]. These models exhibit remarkable
performance and versatility, making them essential compo-
nents in various emerging applications.
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Most LLM inference services are hosted in the cloud
nowadays. As LLM-based applications become more pop-
ular, it is foreseeable that more of such services will be
provided at edge servers and end devices, to meet the users’
needs for low-latency and robust access. However, a signifi-
cant challenge with deploying LLMs at the edge is their sub-
stantial resource consumption [2], [3]. Performing inference
with these models demands considerable computational
power and energy. This issue is particularly pronounced
where the LLMs are served in resource-constrained edge
computing environments, where computation, storage, and
energy supply are limited. Therefore, we ask the following
important question:

How to maximize the inference performance of LLMs under a
constrained resource budget in edge computing environments?

There are challenges in addressing this question. First,
varying resource availability and unpredictability in user
requests make optimizing real-time inference with LLMs
a difficult task. Second, ensuring high inference accuracy
while adhering to strict resource constraints involves com-
plex trade-offs that are not straightforward to manage, es-
pecially when LLM inference requires substantial computa-
tional power and energy. To solve such a problem, we need
an algorithm that is capable of making adaptive decisions
while leveraging lightweight inference mechanisms. The so-
lution must optimize resource usage without compromising
the inference accuracy.

To address these challenges, we formulate the problem
in a stochastic optimization framework and propose a novel
solution that integrates vector embeddings and similarity
caching at edge servers to reduce the number of expensive
LLM calls. While our method is general, in this work we
focus on expressive LLM applications, such as summariza-
tion, paraphrasing, and dialogue support, where descrip-
tive quality rather than strict factual precision determines
usefulness. Our approach leverages the idea that certain
user prompts seeking the same response can be worded
differently, e.g., “How can I track my credit card’s delivery?”
versus “Is there a way to track the card that was just
sent to me?”, and may be asked repeatedly. In addition, in
LLM-based applications with retrieval augmented genera-
tion (RAG) [4], such as explaining concepts from a policy
document or user manual, the retrieved context is usually
very similar for questions expecting the same response. For



such repeating requests with different wording, a traditional
cache would consider these to be completely different and
result in a miss, whereas a similarity cache would recognize
them as similar and return the expected response. By equip-
ping an NLP system with a similarity cache, needless calls
to the LLM can be avoided, thus saving a significant amount
of resources.

Our approach starts by converting the user input prompt
(in the form of text) into dense vector representations,
known as embeddings [5]-[7], which effectively capture the
semantic similarity between inputs. Then, equipped with a
cache storing representative input-output pairs and a dis-
tance metric to measure similarity, our system can quickly
retrieve and return cached outputs when new inputs are
sufficiently similar to those already in the cache. Naturally,
in the event that a new input does not closely match any
cached input, the LLM is queried. This process provides
a systematic way to limit the amount of requests to the
LLM, while only inducing a slight degradation in response
accuracy.

The decision to use either the cached output or the LLM
is driven by a stochastic optimization problem that seeks to
minimize the embedding distance between the current user
input and the input corresponding to the served output
(possibly from the cache), while adhering to a predefined
resource budget constraint. This optimization ensures that
resource consumption is efficiently managed without sig-
nificantly reducing the accuracy of the outputs. We propose
a novel way of integrating the Lyapunov drift-plus-penalty
framework [8] with resource cost estimation and caching to
balance the resource-accuracy trade-off in real-time, guiding
the system to make (near-)optimal decisions that maintain
high inference accuracy under constrained resources.

Our problem has a unique challenge that the resource cost
function is unknown and must be learned online. In addition,
it also entails caching strategies in which the cache affects
future system states and evolves solely based on previous
LLM requests and responses. Due to these challenges, we
cannot directly apply existing Lyapunov optimization techniques
to our new problem. Leveraging the structure of our problem,
we prove a finite upper bound on the length of the virtual
queue, which captures the accumulated constraint violation.
This upper bound does not grow in time, which improves
the constraint satisfaction guarantee over existing Lyapunov
optimization results. This improvement also makes it pos-
sible for us to prove a theoretical upper bound on the
optimality gap in the presence of our problem’s unique
challenges. This gap monotonically decreases as the number
of time steps or cache size increases. A control parameter V'
effectively balances the trade-off between constraint satis-
faction and optimality.

The main contributions in this paper are summarized as
follows.

1) We formulate a stochastic optimization problem that
decides whether to use cached outputs or query the
LLM based on input embedding distance, subject to
a constraint on the time-averaged resource cost.

2) We solve the problem in an online manner, while
incorporating key aspects of our problem including
resource cost estimation and caching, to dynami-
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cally balance the trade-off between accuracy and
resource consumption.

3) We provide a thorough theoretical analysis, estab-
lishing finite upper bounds on the virtual queue
length and demonstrating the trade-offs between
constraint satisfaction and optimality.

4) We validate our approach through extensive ex-
periments with real datasets and models running
on actual hardware, confirming its effectiveness in
reducing resource consumption while maintaining
high accuracy.

The remainder of this paper is organized as follows. We
review the related work in Section 2. Section 3 presents our
system design along with its motivation, followed by the
optimization problem formulation. Section 4 describes our
online decision making algorithm. Next, the theoretical per-
formance analysis on constraint satisfaction and optimality
is presented in Section 5. Experimental results are presented
in Section 6, and Section 7 draws conclusion.

2 RELATED WORK

Recent advances in NLP have established the concept of vec-
tor embedding [5]-[7] where the semantic meaning of data
can be distilled into a real vector, in which nearby vectors
have similar semantic meaning. A few recent works have
utilized vector embeddings to create caches for LLMs using
the term “semantic caching” [9]-[11]. Under the assumption
that semantically similar queries can be served by the same
response, previous query/response pairs stored in a cache
can be used to serve future similar queries. Comparing this
to traditional caching where only exact repeated queries will
be served, semantic caches can significantly save on compu-
tation and communication costs by avoiding expensive LLM
calls. In these works, a distance or similarity measure in the
embedding space is used to quantify semantic similarity in
the input query space. Thus, when a new query comes in, it
is compared with all items in the cache and if the nearest one
is within a certain similarity threshold, the cached response
is returned to the user. Otherwise, the LLM is called, incur-
ring additional cost. Works such as [9], [10], [12] provide
heuristic caching policies and empirical results while [13]
proposes cache-specific fine-tuning of the embedding model
to improve cached responses. The only work that provides
the theoretical analysis via regret bounds of their proposed
caching policy is [11], but their results only consider exact
caching.

Caching, in general, is a wide-ranging topic that has
received significant research interest over the years, with
numerous applications [14]. In much of the work on caching,
though, only exact matches from repeated requests are
served by the cache. As with LLMs, however, it is acceptable
in some applications to return responses that are near the
intended output, perhaps with some loss in utility. The
first works to generally consider such caching systems in-
clude [15]-[17] which introduced the concept as “similarity
caching.” These works also assume that there exists some
distance metric that is able to quantify similarity in the input
space such that inputs/queries that are close can be served
by the same result. Most of the works on this topic propose
heuristic caching algorithms and perform empirical analysis



[15], [17], [18], but some theoretical treatments of similarity
caching also exist [16], [19], [20]. While the theoretical works
include competitive analysis, they do not consider resource
constraints and make some strict assumptions for certain
analyses, e.g., having a separate content retrieval process
uncorrelated with the actual requests, a cache of size 1, or
fixed retrieval cost.

Recently, in models with transformer architectures,
which is the case for almost all the LLMs nowadays, key-
value (KV) cache has been implemented to reduce the inter-
nal computations of the transformer during inference. Dif-
ferent exact [21]-[23] and approximate [24]-[26] KV cache
mechanisms have been developed. However, implementing
new variants of KV cache requires low-level changes to
the inference stack, which can be undesirable in practice.
Meanwhile, such existing KV cache methods are usually
based on heuristics that do not provide rigorous guarantees
on optimality or constraint satisfaction.

In summary, none of the aforementioned works consider
the optimal caching for LLMs with a given resource budget
constraint. Additionally, the threshold-based methods [9],
[10], [17], [27] empirically determine the best threshold after
experimentation, which is complex to manage and can be
impractical when the system conditions and input patterns
change dynamically. In contrast, our decision process dy-
namically adapts depending on both the quality of the
cached response and the resource consumption at a given
point. While we primarily consider the LLM as a “black-
box” and focus on caching input-output pairs for expressive
LLM applications in this work, our control algorithm can be
extended to support KV caches by integrating our caching
mechanism more tightly into LLM inference engines.

3 SYSTEM MODEL
3.1 Motivation

To operate within the constrained resource budget while
maintaining inference accuracy, we propose to reuse pre-
vious LLM outputs when the input prompts are similar. To
quantify the similarity, we compute the distance over an
embedding space derived from the original text, which is
common practice in NLP [5]-[7]. We motivate our solution
based on experimental findings on the WMT14 English-
German translation dataset [28] in the following.

Input and Output Similarities Are Correlated. For a
given user input, our ultimate goal of caching is to produce
an output that is similar to the actual LLM output but
without having to process this input with the LLM. In this
case, we can compute the embedding of the input prompt,
which allows us to quantify the similarity between this new
input and those in the cache, but the corresponding similar-
ity in their outputs/responses is not known. To investigate
their dependency, we compute the similarities in both the
input and output embedding spaces and plot them in Fig. 1.
The embeddings are computed using the paraphrase mul-
tilingual MiniLM-L12-v2 model from Sentence-BERT [29],
[30], where each embedding is a vector of length 384. We
observe a positive, approximately linear correlation between
the two, indicating that similarity in the input space is a
good proxy for similarity in the output space. Thus, we
determine whether we can use a cached output instead of

Output embedding distance

3 4 5 6 7
Input embedding distance

Fig. 1. Correlation between input and output embedding distances (for
the first 50 samples on WMT14 English-German dataset, corresponding
to 502 = 2,500 distance values). Pearson correlation coefficient: » =
0.90.

TABLE 1
Comparison of energy consumption and running time of embedding
computation and LLM inference, showing mean + standard deviation

Computation  Energy (Joules) Running time (seconds)
Embedding 0.17 £ 0.03 62x10°£02x10°
LLM inference ~ 328.0 £ 176.6 1.3+£0.7

querying the LLM based on the distance between the new
input embedding and cached input embeddings.

Embedding Computation Consumes Much Less Re-
sources Than LLM Inference. In Table 1, we compare the
energy consumption and running time of computing em-
beddings versus a full LLM inference. For the LLM, we use
a Phi-3-mini instruction-tuned model containing 3.8 billion
parameters [31], and we keep the same embedding model
as mentioned above. The models are run on a machine with
Intel Core 19-10900X CPU @ 3.70GHz and NVIDIA RTX 3090
GPU representing an edge server where the energy and
running time measurements are taken. The results show
that the energy and time cost of embedding computation
are several orders of magnitude smaller. Clearly, avoiding
expensive LLM calls can greatly reduce resource consump-
tion, justifying our proposed approach.

3.2 System Model

Motivated by the aforementioned findings, we present our
system model as depicted in Fig. 2. For the ease of presen-
tation, we focus on a single edge server in this paper, while
noting that multiple edge servers will have their individual
caches and the procedure at each edge server will be the
same. We assume that the user to edge server association is
given, since how such associations are made is a separate
research problem that has been studied in various existing
works [32]-[35].

A user requests the services of an LLM hosted at an edge
server and submits a text prompt. Its corresponding embed-
ding is computed and then sent to a scheduler who has
access to a cache containing a subset of previous requests’
embeddings and their corresponding outputs. Depending
on the amount of consumed resources, overall resource
budget, and proximity to the nearest item inside the cache,
a decision is made whether to return a cached response or
forward the input prompt to an LLM. In the latter case,
more resources are consumed and the LLM returns a new
output for the current user input, based on which the cached
content can be updated.
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Fig. 2. System architecture.

3.3 Problem Formulation

We assume a slotted system where, at each time ¢t €
{1,2,3,...,T}, a new input text m; of length (number of
characters) /; arrives at the edge server. The edge server
then computes its associated embedding vector p; € R?
with dimension d. We note that although ¢; is generally
different for different ¢, the dimension d of the embedding
computed from the embedding model remains the same.
We assume that we have a cache of size K in which
up to K pairs of input embeddings and output text are
stored. More specifically, we denote the cache at time ¢ by
Ci = {ct e R :i € {1,2,...,K;}}, where “:=” means
“defined to be equal to,” each ci denotes an input embed-
ding in the cache, and K; < K is the number of elements in
the cache at time ¢. Note that we do not explicitly define the
output text in the cache, because there is a direct mapping
from the input embedding to it. We also define a distance
function! between vectors in the embedding space, denoted
by p(p,c;), and f(p,C) := min; p(p,c;) is the nearest-
neighbor distance of p with respect to all the cached input
embeddings. We define f(p,?) = occand 0 f(p,d) = 0.
Once an input is received, a decision is made whether
to return a response from the cache or to query the LLM.
This decision is denoted by the identity function 1;, which
is 1 when the LLM is queried and 0 when the cache is
used. If the LLM is queried, a resource cost (e.g., amount
of consumed energy) of g(¢;) is incurred which depends on
the length of the input (¢;). The value of g(¢;), however, is
unknown at decision time ¢ and is only revealed after the
LLM is queried, because it is difficult to know a priori the
exact resource consumption of processing an LLM inference
request. There is a time-averaged cost budget of g that is pre-
specified by a system admin. In practice, this cost budget can
be determined by the overall spending that is planned for
running the system, the capacity of the energy supply, etc.
The overall goal of the scheduler is to provide the best
responses for the user while staying within the given cost
budget. As a proxy for quality of response to the user, we
minimize the distance between the user’s input embedding

1. When the distance function is an ¢2 norm and the vectors are
normalized, minimizing the distance is equivalent to maximizing the
cosine similarity. We use distance to represent the (negated) similarity
for the ease of theoretical analysis in Section 5.
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and the input embedding corresponding to the response
served to the user. This distance is zero when the LLM is
used (I; = 1), and it is f(p¢,C:) when a cached output is
used (I; = 0). More specifically, the optimization problem is

|z
T ZE [(1—1) - f(pe,Ct)] (1a)

P1: min
{1:},{C:}
1 Z
st. —> E[l-g(t)] <37 (1b)
T t=1
1, {O, 1} . (10

Challenges. It is impractical to solve this problem di-
rectly over the entire time horizon of 1" steps in an offline
manner, because it is generally impossible to predict future
input requests from users. Therefore, we need to devise
solutions that make decisions in an online manner at each
time step ¢, based on observations up to the current time
t. The presence of both a time-averaged objective function
and constraint lends itself nicely to an online stochastic
optimization framework called Lyapunov optimization [8].
In essence, Lyapunov optimization captures the degree of
constraint satisfaction in a virtual queue. It defines a per-
slot objective that includes an upper bound of the Lyapunov
drift of the virtual queue and a penalty term capturing
the objective of the original problem. By minimizing the
drift-plus-penalty objective for each slot ¢, the original
problem with a time-averaged objective and constraint can
be solved approximately, with provable guarantees of the
time-averaged objective being nearly optimal and the time-
averaged constraint being satisfied as the total time 7" — ooc.
However, our problem P1 has the following unique challenges
so that we cannot directly apply existing algorithms or results in
Lyapunov optimization:

1) The exact function of g(¢;) is unknown at time ¢
before the decision is made and must be learned in
an online fashion.

2) The cache C, affects the future in a possibly un-
known way and its evolution is via responses from
the LLM when I; = 1.

To address these challenges, we present a novel algo-
rithm in Section 4 to (approximately) solve P1, followed by
its analysis in Section 5.

4 NEW ALGORITHM FOR ONLINE DECISIONS

In this section, we describe our proposed online decision
making process. We start with explaining the main concepts
in Section 4.1, then present the key steps in Section 4.2.

4.1 Main Concepts
4.1.1 Estimated Resource Cost

The decision of whether to use the cached output or query
the LLM depends on the cost g(¢;), but its exact value is
often unknown before a decision of querying the LLM is
made, due to system dynamics of the edge server, such as
concurrent workloads. We need to have a way of estimating
the cost so that the system can make a “reasonably good”
decision. To do so, we first investigate how the energy con-
sumption changes in the input length ¢;. In Fig. 3, we plot
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Fig. 3. Correlation between energy consumption and input length (for
the first 1,000 samples on WMT14 English-German dataset). Pearson
correlation coefficient: » = 0.93.

the energy consumption of the LLM as a function of input
length ¢;, obtained in the same experimental setup as in
Section 3.1. We observe an approximately linear relationship
between the two.

Motivated by this experimental observation, we use
linear regression to approximate g¢(¢;) in our decision
algorithm. In particular, we define the estimated cost
(s, at,by) := aily + by, where a; and b; are determined in
an online manner throughout the decision making process,
so that §(€;, at,by) ~ g(£;) for any ¢;. This estimated cost is
then used in determining I, in each step t.

If 1, = 1, ie., the LLM is queried, the system observes
the true cost g(¢;) by measuring the resource consumption
during LLM inference after the decision is made. Then, the
algorithm updates the regression parameters to a;; and
bi+1, so that a better cost estimate is available in the next
step ¢t + 1.

4.1.2 Virtual Queue

As commonly done in Lyapunov optimization, we convert
the time-averaged constraint (1b) into a virtual queue. The
virtual queue with length @), evolves as

Qi1 = max{0,Q; + 1; - g(¢;) — g}, ()

where Q1 = 0. The queue length ); captures an upper
bound of the aggregated (i.e., without time average) vio-
lation of constraint (1b) before time ¢.

To capture the exact (instead of estimated) resource con-
sumption for satisfying constraint (1b), we apply the queue
update in (2) at the end of time slot ¢ after observing the exact
resource consumption of LLM inference if I, = 1. Therefore,
in (2), either the exact value of g(¢;) is known when I; = 1,
orl; = 0and 1;-g(¢;) = 0, where in the latter case the value
of g(¢;) has no effect on the queue update.

4.2 Key Steps

4.2.1 Overall Procedure

The overall procedure is outlined in Algorithm 1. Upon
receiving a new input in every time step ¢, the algorithm
first determines 1; (Line 5). If 1; = 1, the cost estimation
parameters (Line 8) and cached content (Line 9) are updated.
Finally, the virtual queue capturing the resource cost in-
curred over time gets updated (Line 10). We provide details
on some of the specific steps as follows.

Algorithm 1: Online decision making for resource-
constrained LLM inference

Parameters: V' > 0, {n, > 0}
Output: {1}, {C:}
1 Initialize C; « (), Q1 « 0, and choose a; € [Ag, A1],
b1 € [Boy, B1);
2 fort <+ 1,...,T do
3 Receive new input text m; of length ¢;;
4 Compute embedding p; of my;
5 Compute 1; from (4);
6 if I; = 1 then
7 Receive true cost g(¢;) and output from LLM;
8 Compute a;41, by41 from (7);
9 Compute C;11 from policy in Section 4.2.4;

10 | Compute Q¢+1 from (2);

4.2.2 Minimizing Drift-Plus-Penalty to Determine 1,
We define a control parameter V' > 0 which controls the
trade-off between optimality and constraint satisfaction. For
a given cache C;, the algorithm minimizes the following
drift-plus-penalty objective for each slot ¢:
P2:

min V(1 —1,) - f(ps,Ce) + Qe(Le - §(€r, ar, be) — 7). (3)
1,€{0,1}

The notion of drift here refers to the Lyapunov drift,
which is the conditional expectation in the difference of
squared queue lengths in two adjacent time slots ¢ + 1
and ¢ [8]. In the original Lyapunov optimization framework,
the second term in the objective (2) of P2 is an upper
bound of the Lyapunov drift. However, we have replaced
the exact cost g(¢;) in (2) with the estimated cost §(¢;, a, b;)
in (3), because the exact cost is unknown at this step of
Algorithm 1. We will see in Section 5 that, although we
have made this replacement, we can still obtain theoretical
performance guarantees.

The penalty term is the first term in the objective (3) of
P2, which corresponds the per-slot objective in P1 multi-
plied by the control parameter V.

It is easy to see that P2 has a simple solution:

1, — {0, if V- f(pe,Cr) < Q- G(le; ar, by)
.=
1,

otherwise.
When there is no ambiguity, we use 1; to denote this optimal
solution to P2 hereafter.

)

4.2.3 Cost Estimation

For estimating the resource cost of any given input length
¢, we define a squared error function:

h(ly,a,b) := (§(Cr,a,b) — g(€;))* = (aly +b—g(£))*. (5)

We further define constants Ay, Ay, Bg, By, so that [a,b]
remains within the convex set of Q := {a,b: Ag < a < Ay
and By < b < Bj}. This is useful for stabilizing the cost
estimation procedure and guaranteeing convergence.

Our goal of resource cost estimation is to minimize the
mean squared error:

P3: mibn E [h(ft,a,b)] (6a)

s.t. [a,b] € Q. (6b)



In (6a), the expectation is over the possible input lengths ¢,
and their corresponding costs g(¢;), for all ¢.

If all the samples of {[¢;, g(¢;)]} were available, P3 has a
closed-form solution. However, in our scenario, the samples
are revealed one-by-one, so the closed-form solution is not
applicable here. Instead, we perform one step of projected
gradient descent every time when we receive a sample of
[¢:, g(¢:)], which happens in every slot ¢ with 1; = 1. The
projected gradient descent update step is as follows:

ai1| _ . a;
|:bt+1:| - PrOJQ { |:bt:| - ntVa,bh(Zta a, b)|a:at,b:bt}

max {Ag, min {41, as — 277t€t(at£t+bt*9(€t))}}} @)
max { By, min {B1, by — 2n(aly+bi—g(4))}} |’

where 1, > 0 is the gradient descent step size at time ¢, and
the last equality is from the projection onto convex set.

4.2.4 Cache Update

For every t with I, = 1, when |C;| < K, where | - |
denotes the cardinality of set, the new element, including
input embedding and output text from the LLM, is always
added to the cache. When |C;| = K, the cache has reached its
capacity, and a cache eviction policy decides which element
to remove from the total of K + 1 elements (including K
elements in the cache and one new element). The remaining
elements are then kept in the cache C;y; used in the next
time step ¢ + 1. Common eviction policies such as least
recently used (LRU) and least frequently used (LFU) can
be used. In the experiments in Section 6, we will show that
the performance of our algorithm is not sensitive to specific
caching policies.

4.3 Comparison to Online Learning in Lyapunov Opti-
mization

We note that there exist works where Lyapunov optimiza-
tion is extended to the online learning setting, with the
penalty and constraints being revealed after the decision
in each slot ¢ is made [36], [37]. The setup in these works
is related to ours. However, our problem has some unique
characteristics: 1) The true resource cost g(¢;) is only re-
vealed when 1; = 1 and not revealed when 1, = 0.
2) The caching decision in each time ¢ depends on decisions
made in previous time steps and also affects the algorithm
performance and decisions in subsequent steps. Due to
these characteristics, existing approaches are not directly
applicable to our problem.

5 PERFORMANCE ANALYSIS

In this section, we analyze the performance of our proposed
algorithm theoretically, with focus on constraint satisfaction
and optimality. We consider an arbitrary 7" in our analysis,
which includes and generalizes the special case of 7' — oo
that is primarily considered in [8].

We first introduce a boundedness assumption that is
common in Lyapunov optimization literature.

Assumption 1. There exist finite constants ¢y,,x > 0, D > 0,
Go > 0, and G; > Gy, such that ¢, < lnax, f(pt,Ci) €
[07 D]/ and f](gt, Qag, bt)ag(‘gt)vg S [G07 Gl]

5.1 Bounded Constraint Violation

We begin by analyzing the constraint violation bound. The
next theorem gives a finite upper bound on the queue
length.

Theorem 1. The queue length Q; < ‘g—? + Gi.

Proof. From (3) and Assumption 1, we know that if ¢}, >
‘g—?, then Q; > % and we will have 1; = 0, thus
Qi1 < Q. When @ < ‘éfl we have Q411 < Q¢ + G1. The

result then follows by induction over all ¢. O

Using the queue update relation (2), we immediately
have the following upper bound on constraint violation.

Corollary 1. The time-averaged cost satisfies

E [Qr1]

1 T
72 Bl g(t)] <7+ =

t=1

Remark. Different from the result for generic Lyapunov
optimization where the queue length upper bound grows in
T, such as [8, Eq. (4.7)] and [36, Theorem 1], our Theorem 1
gives a finite upper bound that does not grow in 7' for our
problem. This is an improvement over existing results. We
can obtain this result because of the unique structure of our
problem, where for any slot ¢, either the objective (la) is
non-zero (when I; = 0) or the constraint variable, i.e., the
left-hand side of (1b), is non-zero (when 1; = 1). Due to this
improvement, our time-averaged constraint violation bound
in Corollary 1 improves O (%) in [8], [36] to O (%)

The finite queue length upper bound also makes it
possible to analyze the optimality gap despite the fact that
the resource cost estimation parameters and the cache are
updated only when 1; = 1. This is because 1; = 1 occurs
“frequently enough,” as shown in the next subsection.

We also note that we only need Assumption 1 for The-
orem 1 and Corollary 1 to hold. This means that the con-
straint violation is bounded regardless of the resource cost
estimation error. While this result may appear surprising,
it is true because the virtual queue capturing constraint
violation is updated based on the actual cost g(¢;) instead
of the estimated cost, as stated in (2). As long as both the
actual and estimated costs are bounded (Assumption 1), the
constraint violation is bounded and goes to zero as 7' — oo,
as shown in Corollary 1.

5.2 Bounded Optimality Gap

We compare the result of Algorithm 1 to the best result that
can be obtained within the class of stationary (possibly ran-
domized) policies. We use 1; and C* to denote the outcomes
of an optimal stationary policy that solves P1, which are
independent of the outcomes of Algorithm 1, where 1} can
vary depending on the input embedding p;, but C* does not
change in ¢. We assume that the optimal policy knows the
exact value of the resource cost g(¢;).

This consideration of a stationary policy is common in
Lyapunov optimization [8], which intuitively means that
the optimal policy has prior knowledge of the statistics
(distribution) of input arrivals, but it does not have prior
knowledge of the individual random outcomes. When p;
is independent and identically distributed (i.i.d.) across ¢,



1} follows the same distribution for all ¢ although its value
can depend on py, thus it is stationary. The consideration of
C* not changing in ¢ is because the optimal cache content
depends on the outcomes of p; in multiple slots, i.e., for
multiple values of ¢. Since it is not possible to predict future
p:, the policy has to decide the cache content based on
the statistical distribution instead of individual outcomes,
which is also commonly done in the analysis of online
learning algorithms [38]. We begin with introducing the
following assumption on the user inputs.

Assumption 2. The user inputs are ii.d. across different
time steps ¢ € {1,2,3,...}, with the embedding p; being
uniformly distributed within a d-dimensional hypercube
with side length 2R, for some R > 0. The input length ¢,
and the corresponding resource cost g(¢;) are independent
of p; and also i.i.d. across t.

This assumption facilitates the optimality gap analysis.
It is needed due to the unique challenges in our problem, as
summarized in Section 3.3. We note that uniform distribu-
tion of the input is also commonly assumed in the analysis
of similarity caching works [19], [27]. Our experiments in
Section 6 show that our proposed method also works well
with practical datasets and models where Assumption 2
may not hold. We first introduce an upper bound of the
objective function in P1.

Theorem 2. Let y* denote the optimal value of the objective
function in P1 under a stationary policy. We have

1 T
72 E-1):

f(pta Ct)}

G? D Gy .
<y +W+ <@+ﬁ)z [\g(ﬂt,at,bt) _g(gt)l}
1 X
+TZ]E[|f(ptvct)_f(pt76*)|} . O
t=1
Proof. See Appendix A. O

The first two terms in Theorem 2 show an additive
error of O (), which is commonly observed in Lyapunov
optimization [8]. The last two terms are related to the error
in resource cost estimation and the embedding distance that
depends on the cached content, which are unique to our
problem. We derive the upper bounds of these two terms in
the following.

Since the resource cost estimation parameters and the
cache content are only updated when 1; = 1, we define 7’ as
the total number of slots for which I; = 1 from Algorithm 1
within T steps. We first find a lower bound of T".

Lemma 1. Let v :=

onet € Ty := {t,t+1,.
that for a total time of T', we have —

[g—g + %—‘ . For any t, there exists at least
t+7} such that 1; = 1. This implies
<T<T

Proof. Suppose that 1; = 0 for all £ € I';. We note that |T';| =
v + 1 by definition and Q; < % + G from Theorem 1.
From (2), we know that ;4 = 0 because (); is decreased
by g for « times (lower capped by zero) due to I; = 0.
From (3), we have I,, = 1 when @4, = 0, proving a
contradiction. O

We now bound the last two terms in Theorem 2.
Lemma 2. There exists a learning rate sequence {n,}, so that
E:E[ (04, a,b) — wg@<w9(Vh*+4Xl) (10)
T ) — \/T )

where h* is the true optimal solution to P3 assuming full
knowledge of system statistics.

Proof. See Appendix B. O

Lemma 3. For a large enough K, when Algorithm 1 uses a
caching policy that caches the first K items received when 1, = 1
and keeps the cache unchanged afterwards, we have

Z

VK a/log K
T K
(11)

Proof. See Appendix C. O

Ufmﬂt ﬂmx)Q<o<

Note that despite the specific non-evicting caching policy
considered in Lemma 3 for the purpose of analysis, the
experimental results in Section 6 show that our proposed
method also works well with more realistic caching policies.

We now state the final bound on the optimality gap.

Theorem 3. Under the conditions of Lemmas 2 and 3,
E[(1—1¢)- f(pt,Ce)]

1 \%4 VK  ,/logK
<y +0|=+Vhr+—=+— .12
<y + (V + + JT + T + K ) (12)
Proof. The result is obtained by plugging the upper bounds
in Lemmas 2 and 3 into the upper bound in Theorem 2. [

Remark. Ignoring the logarithmic factor, the
additive error upper bound in Theorem 3 is
A(L sL V. VK | 1
C)(v,+-yﬁ?7+-vﬁg+- b+ 6@?)' When T — oo, the
optimality gap becomes O <i h* dlK), where the
first term is commonly observed in Lyapunov optimization
literature [8], the second term is due to the unique need of
resource cost estimation in our work, and the third term is
because caching decisions affect the performance in future
time slots.

5.3 Further Discussion

Comparing the results in Corollary 1 and Theorem 3, we
can clearly see that the control parameter V' controls the
trade-off between constraint satisfaction and optimality. A
smaller V' leads to better constraint satisfaction but worse
optimality, and vice versa.

If we further choose V. = T% and K = VT, we
can see that as T — oo the constraint violation approaches
zero (Corollary 1) and optimality gap approaches O (m)
(Theorem 3). When the relationship between resource cost
and input length is close to linear, then the true minimum
estimation error h* is small and thus the optimality gap
is small too. It is particularly interesting to emphasize that
the constraint violation is guaranteed to approach zero as
T — oo regardless of h*, thanks to the way that the virtual
queue update is designed in our Algorithm 1. In summary,



when the parameters K and V' are chosen appropriately, we
have proven that our proposed Algorithm 1 gives a near-optimal
solution to P1 asymptotically, which satisfies the constraint
and has an additive optimality gap related to the best-
possible quality of the resource cost predictor; the optimality
gap is zero when the resource cost can be predicted perfectly
from the user’s input text.

We also note that while the optimal policy that we use
as the theoretical baseline requires some known statistics of
inputs, such as parameter R in Assumption 2 as can be seen
in the proof of Lemma 3 (in Appendix C), our proposed
Algorithm 1 does not require such knowledge.

6 EXPERIMENTS
6.1 Setup

Same as in Section 3.1, we use the Phi-3-mini instruction-
tuned model [31] as the LLM that runs on a machine with
Intel Core i9-10900X CPU @ 3.70GHz and NVIDIA RTX 3090
GPU representing the edge server. We use the amount of
energy consumed per input request as the resource cost. The
energy measurement is done by programmatically calling
the nvidia-smi tool for GPU power measurement and
the psutil library for CPU power estimation from the
utilization percentage. The energy is then computed by
multiplying the power by the measurement interval. The
input embeddings are computed using the paraphrase mul-
tilingual MiniLM-L12-v2 model from Sentence-BERT [29],
[30]. We note that the LLM we use is a general purpose LLM,
where we only apply some simple prompting so that the
LLM understands the given task. This aligns with the prac-
tical scenario where many of the LLM applications leverage
common APIs to a standard model, but its performance
shall not be compared to models that are fine tuned to each
specific task.?

For datasets, we consider some exemplar tasks for
expressive LLM applications (as mentioned in Section 1):
1) WMT14 English-German translation dataset that includes
paragraphs translated from English to German [28], 2) SAM-
Sum dataset for text summary of dialogues [39], and 3) Bank-
ing77 dataset for classifying banking customer requests into
one out of 77 classes [40]. We use the BLEU-1 [41], ROGUE-
1 [42], and classification accuracy as the accuracy metrics for
quantifying the correctness of the outputs for these datasets,
respectively. Since we focus on the inference stage instead of
training, we use the test splits of all datasets. For the WMT14
and SAMSum datasets, we simulate similar user inputs by
duplicating each original input/output pair and then sup-
plementing it with a rephrased version of each pair. For the
larger Banking77 dataset, which contains many examples of
similar queries, we only duplicate the originals and do not
add any additional rephrased data points. This duplication
is mainly to avoid the scenario of the exact caching baseline
being completely useless. The inputs are then randomly
sampled from each dataset in our experiments. We study
the performance after processing 7' = 1,500 inputs, for
WMT14 and SAMSum datasets, and 7" = 3,000 inputs,

2. The performance can also be improved if we use a larger LLM.
However, the current compute hardware we use cannot support a
model that is substantially larger than the Phi-3-mini model, which
is also a way to resemble the resource constraint at the edge.
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for Banking77 dataset, where the number of inputs 7' is
determined by the size of each dataset.

As baselines, we consider 1) similarity caching without
stochastic optimization [12], [15], [16], [18]-[20], 2) exact
caching [11], [14], and 3) no caching. For fair comparison, we
align the target time-averaged resource budgets for our pro-
posed algorithm and these three baselines. For the baselines,
this is achieved by randomly querying the LLM at a given
probability related to the resource budget. In addition, we
also consider a thresholding policy baseline without resource
control, as in [9], [10], [17], [27], in the last part of our
experiments (Section 6.2.4).

We choose the cache size K = 100, the convex set
(denoted by (2 as defined earlier) parameters Ay = By =
0,A; = 3,B; = 500, and initialize a; = 0.5 and b; = 200.
For the gradient descent step size 1; used in resource cost
estimation, we use two different step sizes for updating
a, with n;, = 10~%, and b, with Ntp = 1073, for all ¢,
because the sensitivities of a and b in the mean squared error
function h(¢;,a,b) are very different. This is a slight exten-
sion to the description earlier in the paper due to practical
considerations, but the theoretical results still hold after this
extension. The hyperparameters above were chosen based
on only some very coarse tuning. In the main experiments,
we set the control parameter V = 10° and use LRU as the
cache eviction policy. Results for alternative cache eviction
policies and values of V' are given in Sections 6.2.2 and
6.2.3, respectively. We run each experiment with 5 different
random seeds and show the mean and standard deviation
values.

Note that the additional overhead for embedding computation
and nearest neighbor search is negligible compared to LLM
inference, as discussed in Section 3.1 with results shown in
Table 1. Therefore, we do not specifically study such over-
head in the experimental results presented in this section.

We further note that while we consider energy as the
resource type in our experiments, our proposed algorithm
and its analysis is generic and applicable to any type of
resources that is additive over time, such as processing
time/ cycles, monetary cost, etc.

6.2 Results
6.2.1 Main Findings

Table 2 shows the results of our proposed method and the
baselines, for different datasets and under different time-
averaged per-input energy budgets. We observe that all
the methods approximately conform to the given energy
budget, while our proposed method gives a better inference
accuracy compared to the baselines especially when the
budget is limited, with up to 7.2% improvement in the mean
value. This confirms that our proposed method makes a better
use of the available energy to boost the inference performance. We
also note that, when the budget is very high for the given
task, all the methods achieve similar performance while
using an amount of energy that is substantially below the
budget, e.g., in the last row of Table 2.

6.2.2 Cache Eviction Policies

To study the effect of different cache eviction policies, we
compare the results obtained from different policies for our



TABLE 2
Inference accuracy metric (BLEU-1 for WMT14, ROGUE-1 for SAMSum, and classification accuracy for Banking77) and per-input energy
consumption (time-averaged, per input request), showing mean =+ standard deviation

Dataset Method Proposed Similarity caching 1121, 1], 116], 118]-{20] Exact caching [11], 114] No caching
Budget (]) | Perf. metric (%)| Energy (J) |Perf. metric (%) Energy (J) Perf. metric (%)| Energy (J) |Perf. metric (%)| Energy (J)
g =50 22.3+0.4 51.440.1 19.24+0.4 50.4+2.5 10.14+0.5 47.1+£3.1 6.84+0.4 54.0+1.9
WMT14 g =100 29.34+0.7 101.0+0.1 24.240.4 101.7+£5.1 16.4+0.5 98.3+£6.5 13.0+0.4 103.2+2.7
g = 200 38.8+0.8 200.6+0.2 32.04+0.9 193.7+4.9 27.5+1.0 196.3+5.9 25.0+0.5 195.7+4.8
g =300 44.9+40.7 287.3+£2.5 40.6+1.0 294.3+4.6 39.1+1.1 298.1+4.1 37.3+0.8 290.3+5.9
g =250 21.6+0.3 50.9+0.1 19.14+0.6 52.8+3.6 8.940.6 48.1+£2.8 6.31+0.2 54.6+1.4
SAMSum g = 100 26.7+0.3 100.84+0.1 23.3+£0.4 104.6+3.8 14.94+0.4 101.8+4.8 12.34+0.2 105.7+2.4
g = 200 33.9+0.5 200.4+0.2 29.840.3 197.14+3.8 25.1+0.8 198.1+6.1 23.1+0.4 195.54+2.4
g =300 38.3+0.3 277.0+£2.9 36.74+0.3 299.6+3.6 35.74+0.7 301.8+6.3 35.240.3 299.6+3.7
g=25 43.5+2.2 25.940.0 37.2+£1.3 25.7£1.0 12.840.8 24.240.8 11.24+0.3 26.2+0.9
Banking77 g =250 50.0+1.8 50.940.0 42.84+1.3 51.1+1.1 23.3+0.9 50.0£1.9 21.940.3 51.7+1.8
g =100 57.3+1.9 100.7+0.1 51.44+1.2 98.14+0.7 43.3+1.9 99.7+2.0 41.2+1.6 97.940.8
g =150 59.24+1.8 131.0+0.9 59.3+1.8 140.440.9 59.3+1.8 140.440.9 59.3+1.8 140.440.9
TABLE 3 65 180
Classification accuracy and per-input energy consumption for different 3 — V=5x10°
caching policies, on Banking77 with budget of g = 100 J & 60 % 160 - V=10%
Method Cache eviction policy | Accuracy (%) g 5 — V=5x10*
< 551 5 140 4 — V=10°
LRU 57.3+1.9 38 2 R .
Proposed LFU 57.441.8 ; 50 4 s v=5x10
No eviction 56.6+1.9 g o 1207 k
LRU 51.4+1.2 Z 451 g A
Similarity cache LFU 50.941.8 z 1007
No eviction 51.3+1.2 O 100 2000 3000 0 1000 2000 3000
LRU 43.3+1.9 Time step t Time step t
Exact cache LFU 43.0+1.8
No eviction 43.242.0 (a) (b)

proposed method and the cache-enabled baselines. The re-
sults are shown in Table 3, where “no eviction” corresponds
to the condition in Lemma 3 used in our theoretical analysis.
We observe that for each method, the performances when using
different cache eviction policies are very similar, confirming our
discussion in Section 4.2.4 and the practical relevance of our
analysis in Section 5.2.

6.2.3 Control Parameter V

On the effect of the control parameter V, as suggested by
the theoretical analysis in Section 5, a larger V' reduces the
input embedding distance, i.e., the objective function in P1,
which leads to better inference accuracy, but may also cause
larger violation in the resource constraint for a finite 7.
This is validated by the results in Fig. 4, which confirms
that V' controls the optimality and constraint satisfaction trade-
off. In practice, the parameter V' can be chosen based on
how strict the energy budget requirement is. We also note
that the results for all datasets and energy budgets in the
main experimental results shown in Table 2 use the same
V' (specified in Section 6.1), which indicates that there is
generally no need to fine tune V' for specific settings.

6.2.4 Comparison with a Thresholding Policy on Embed-
ding Distance

Finally, we compare to a decision policy based on a fixed
distance threshold, which always queries the LLM when
the embedding distance exceeds the given threshold and
uses the cached output otherwise, as in existing works [9],
[10], [17], [27]. By comparing the two plots in Fig. 5, we
observe that, if one would collect the statistics of embedding

Fig. 4. Results of our proposed method with different control parameters
V, on Banking77 dataset with time-averaged per-input energy budget of
g = 100 J; (a) average accuracy until time step ¢, (b) average per-input
energy until time step ¢.

distances over a sufficiently long time period and compute
a threshold based on the energy budget (see Fig. 5a), the
average accuracy obtained using this thresholding method
with this pre-computed threshold is similar to that obtained
from our proposed method (see Fig. 5b). For example, we
see from the blue curve in Fig. 5a that a distance threshold
of approximately 3.8 conforms to the resource budget of
g = 50]. In Fig. 5b, we see that for the same distance thresh-
old of 3.8, the accuracy obtained using this thresholding
method is approximately 50%. When using our proposed
method, for the same resource budget of g = 50 J, we can
obtain a very similar performance, as shown in the green
dashed lines in both plots in Fig. 5.

However, the advantage of our proposed method is that
it does not require prior knowledge on the statistics of energy
consumption or embedding distances nor does it require
historical empirical data to guarantee satisfaction of any
given budget g, whereas the thresholding policy requires
such knowledge to determine the optimal threshold. This
shows that our method performs closely to an optimally tuned
threshold-based algorithm, while we do not require the prior
knowledge that would be needed for threshold tuning.

7 CONCLUSION

In this paper, we have studied the problem of optimizing
LLM inference in resource-constrained environments. We
have identified some unique challenges in this problem
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Fig. 5. Fixed distance threshold policy compared to the proposed
method, on Banking77 dataset; (a) average accuracy for a given dis-
tance threshold, (b) average per-input energy for a given distance
threshold. The blue curves show the mean results from the fixed thresh-
old policy, with error bars showing the standard deviation. The dashed
horizontal lines are mean values from the proposed method from Ta-
ble 2, for different budgets g (unit: J).

that make standard results of Lyapunov optimization not
readily applicable, including that the LLM inference cost is
unknown before the inference request is completed and that
the effect of caching decisions is coupled across multiple
time steps. Addressing these challenges, we have proposed
a new online decision making algorithm, which is inspired
by the Lyapunov optimization framework but extends be-
yond the known results. Our theoretical analysis leveraging
a unique structure of our problem provides new insights
on the trade-off between inference accuracy and resource
consumption in this challenging problem setup. Extensive
experiments using real datasets, model, and hardware have
confirmed our algorithm’s effectiveness in improving the
inference accuracy while conforming to the resource cost
budget. Future work can consider extending our control
algorithm to support other caching mechanisms for LLMs,
such as KV cache. Our novel analytical methodology can
be adapted to other stochastic optimization problems that
involve a prediction step as well.
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APPENDIX A
PROOF OF THEOREM 2
The Lyapunov drift

SE[Q - Qi Q]

S;[@rwtmm

%E [2Q:(1; - g() —g) +

B[QulL - g(6) ~9)| @ + 5

= E[Qt(]lt(g(gt)*ﬁ(gt,at,bt)ﬂLﬁ(ét,at,bt))

=E [Qt]lt(g(gt) - Q(Ztv ag, bt))‘ Qt]
FEQu 30 anb) ~9)| Q) + L

VD

< (o + ) E[late) - it an bl

- Q| Q] (Eq. (2))

(ﬂt 9 ét

9% Q4

(Assumption 1)
2

-9)| Q] + ?1

. G3
+E[Q¢(Le - g(lr, ar,br) — 9)[ Q] + 71
For the objective (3) in P2, we have

E[V(1—=1)- f(pe,Ct) + Qe(Ls - §(le, ar,br) — 9)| Qi

SE[V(-17) f(p:Ce) + Qe(Ly - G(lr, ar, br) — 7)| Q4]
(I minimizes (3) for any instance of ();)

=E [V(l - ]1:) (f(Pt,Ct) - f(Pt,C*) + f(PuC*))

(Theorem 1)

+ Qe(F(g(4e, ar, be) — g(4e) + g(4r)) — 9)| Q4]
=E[V(1-17)(f(p:,Ct) — f(Pe,C"))| Q4]

+E[Qt(]1:(g(€taatabt) — ()| Q4

E[V(1—1;) - f(pe,C*)| Q4]

+]E[Qt(11* 9(l) — 9)| Q1]
<VE [\f(PuCt) (p+,C |‘Qt}

+ (22+G1) [|g(£f7afybf g(ty) |’Qt}

+E[V(1-1) - f(p:,C")]

+ Q:E[(I} - g(&;) — 9)] (Theorem 1 & cond. indep.)

<VE[\f(Pt7Ct) f(ps,C |‘Qt}

(6 ) B[l ant) - gl @) + Vo

where the last inequality is due to stationarity and the
definition of y*, as well as E [(1; - g(¢;) —g)] = 0.
Combining the above, we have

E[Q7 1 — Q7| Q] +E[V(A—1)- f(p.Co)| Qi

%2 + (‘ZTD + Gl) E [|g(€t) - Q(fnatabt)” Qt}
FE[V( = 1) - f(Pe,Co) + QiNs - G, ar,br) — )] Q4

< VYt %% 19 <‘£¥7D 1 G1> E {|g(€t) - g(ft,at,bt)l‘ Qt}
+VE [\f(puct) |‘Qt} '

Noting @)1 = 0 by definition, after taking total expec-
tation, averaging over t, and rearranging, we obtain the
result. O

pt7
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APPENDIX B

PROOF OF LEMMA 2

It can be easily shown that h(¢, a, b) is smooth and strongly
convex with respect to a and b within the convex set €.
Let ¢(t) := |7 < t : 1, = 1| be the number of times of
1, = 1 for all 7 < t. Define h* := E [h({;,a*,b*)]. Due
to the i.i.d. assumption in Assumption 2, together with (7)
and according to standard analysis of stochastic gradient
descent [43], we have

E[h(y,a,b)] — h* < O (ﬁt)) .

We note that

(]E [lg(ét’ a, b) - g(gt)l])z <E [(g(gtv a, b) - g(ét))ﬂ

=E[h(t;,a,b)] < h* + O (w%t)) :

where the first inequality is due to Jensen'’s inequality. Thus,

)
P(t) )’

where we use that h* is upper bounded by a constant due
to Assumption 1. From Lemma 1, there are at most v + 1
different values of ¢ with the same value of ¥(¢), and the
maximum value of ¢(t) is T”. Therefore,

T
D B[t a,b) — g(€r)]] < (TWT*+ +VZ )

E[3(6,a,5) — g(t)]] < O (wm

=
= O (VR + 1+ V).
Dividing by T', using 7" < T and O(y + 1) = O(V) gives
the result. O

APPENDIX C
PROOF OF LEMMA 3

We first derive an upper bound of E [f(p;,C*)]. Consider a

cache of size K’ := (LWJ)CI < K. Due to Assumption 2,
when the cache size is K’, the optimal cache placement Cj,,
that minimizes E [f (p¢, C}.)] is to fill the hypercube contain-
ing the input embedding space with K’ non-overlapping

hypercubes each with side length 2r, where r = N id <
5/%—1 and the total volume K’(2r)d = (2R)d' Such a filling

is possible since #/r = VK’ = | VK] is an integer. The
input embedding corresponding to each cached item in the
K'-sized cache is the center of each of such small hypercube
with side length 2r. Under this Cj/, the maximum distance
of any input embedding to the embedding of its nearest
cached item is rv/d. Thus,

RVd
VK -1
for all p;. Since K > K’, for the optimal placement C* of
the cache with size K, we have

f(ptacik(’) S T\/&S

Rvd
VK -1
For any ¢ such that there exist at least K different values
of 7 < t where 1, = 1, the cache C; contains K items.

E[f(p:,C*)] <E[f(p+,Cxr)] <



From Assumption 2, the embeddings of these K items are
uniformly distributed within the hypercube that has side
length 2R. For any embedding p;, when it is covered by a
hypercube with side length 27 := 2r+/log K with a cached
embedding as its center, the maximum distance between p;
and its nearest cached embedding is #v/d. The probability
that p; is not covered by any hypercube with side length 27

is
K
17(?)‘1 B 17logK K< 17logK K
Rt ) K’ - K

< e—logK _ I/K,

and the maximum distance between any two points in a

hypercube with side length 2R is 2RVd. Hence,

E[f(pt,ct>]<rf+23f_3f . logK+&&/&
< RVd- \/WJF RVd

VE-1 K
Then, we combine the above and note that, when |C;| =
K, we have

E [|f(Pt7Ct) - f(PhC*)” <E [f(Pt,Ct)] [f(Pt»C*)]
logK | 2RV | RV
< RVd- e Tt & +W

B a/log K
since f(-,-) > 0.

For the case of |C;| < K, we know from Lemma 1 that
there are at most (v + 1)K = O(V K) slots for which |C;| <
K, and we bound E [f(p¢,Ct)] < 2R+/d for such t where
|Ct| < K.

Then, we combine both cases of the range/value of |Cy|,
average over T slots, and obtain the result after absorbing
the constants R and d in O(+). O

13



