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Abstract—Federated learning (FL) algorithms usually sample
a fraction of clients in each round (partial participation) when the
number of participants is large and the server’s communication
bandwidth is limited. Recent works on the convergence analysis
of FL have focused on unbiased client sampling, e.g., sampling
uniformly at random, which suffers from slow wall-clock time
for convergence due to high degrees of system heterogeneity and
statistical heterogeneity. This paper aims to design an adaptive
client sampling algorithm that tackles both system and statistical
heterogeneity to minimize the wall-clock convergence time. We
obtain a new tractable convergence bound for FL algorithms with
arbitrary client sampling probabilities. Based on the bound, we
analytically establish the relationship between the total learning
time and sampling probabilities, which results in a non-convex
optimization problem for training time minimization. We design
an efficient algorithm for learning the unknown parameters in
the convergence bound and develop a low-complexity algorithm
to approximately solve the non-convex problem. Experimental re-
sults from both hardware prototype and simulation demonstrate
that our proposed sampling scheme significantly reduces the
convergence time compared to several baseline sampling schemes.
Notably, our scheme in hardware prototype spends 73 % less time
than the uniform sampling baseline for reaching the same target
loss.

I. INTRODUCTION

Federated learning (FL) enables many clients' to collab-
oratively train a model under the coordination of a central
server while keeping the training data decentralized and private
(e.g., [1]-[3]). Compared to traditional distributed machine
learning techniques, FL has two unique features (e.g., [4]-[9]),
as shown in Fig. 1. First, clients are massively distributed and
with diverse and low communication rates (known as system
heterogeneity), where stragglers can slow down the physical
training time.? Second, the training data are distributed in a
non-i.i.d. and unbalanced fashion across the clients (known as
statistical heterogeneity), which negatively affects the conver-
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'We use “device” and “client” interchangeably in this paper.

2As suggested [10]-[14], we consider mainstream synchronized FL in
this paper due to its composability with other techniques (such as secure
aggregation protocols and differential privacy).
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Fig. 1. An FL training round with system and statistical heterogeneity, with
K out of N clients sampled according to probability q = {q1,...,qn}-

gence behavior.

Due to limited communication bandwidth and across ge-
ographically dispersed devices, FL algorithms (e.g., the de
facto FedAvg algorithm in [3]) usually perform multiple local
iterations on a fraction of randomly sampled clients (known as
partial participation) and then aggregates their resulting local
model updates via the central server periodically [3]-[6]. Re-
cent works have provided theoretical convergence analysis that
demonstrates the effectiveness of FL with partial participation
in various non-i.i.d. settings [15]-[19].

However, these prior works [15]-[19] have focused on
sampling schemes that select clients uniformly at random or
proportional to the clients’ data sizes, which often suffer from
slow convergence with respect to wall-clock (physical) time3
due to high degrees of the system and statistical heterogeneity.
This is because the total FL time depends on both the number
of training rounds for reaching the target precision and the
physical time in each round [20]. Although uniform sampling
guarantees that the aggregated model update in each round
is unbiased towards that with full client participation, the
aggregated model may have a high variance due to data hetero-
geneity, thus, requiring more training rounds to converge to a
target precision. Moreover, considering clients’ heterogeneous
communication delay, uniform sampling also suffers from the
straggling effect, as the probability of sampling a straggler

3We use wall-clock time to distinguish from the number of training rounds.



within the sampled subset in each round can be relatively
high,* thus yielding a long per-round time.

One effective way of speeding up the convergence with
respect to the number of training rounds is to choose clients
according to some sampling distribution where “important”
clients have high probabilities [21]—-[24]. For example, recent
works adopted importance sampling approaches based on
clients’ statistical property [25]-[28]. However, their sampling
schemes did not account for the heterogeneous physical time
in each round, especially under straggling circumstances.
Another line of works aims to minimize the learning time
via optimizing client selection and scheduling based on their
heterogeneous system resources [20], [29]-[41]. However,
their optimization schemes did not consider how client selec-
tion schemes influence the convergence behavior due to data
heterogeneity and thus may negatively affect the total learning
time.

In a nutshell, the fundamental limitation of existing works
is the lack of joint consideration of the impact of the inherent
system heterogeneity and statistical heterogeneity on client
sampling. In other words, clients with valuable data may
have poor communication capabilities, whereas those who
communicate fast may have low-quality data. This motivates
us to study the following key question.

Key Question: How to design an optimal client sampling
scheme that tackles both system and statistical heterogeneity
to achieve fast convergence with respect to wall-clock time?

The challenge of this question is threefold: (1) It is difficult
to obtain an analytical FL convergence result for arbitrary
client sampling probabilities. (2) The total learning time
minimization problem can be complex and non-convex due to
the straggling effect. (3) The optimal client sampling solution
contains unknown parameters from the convergence result,
which we can only estimate during the learning process
(known as the chicken-and-egg problem).

In light of the above discussion, we state the main results
and key contributions of this paper as follows:

e Optimal Client Sampling for Heterogeneous FL: We
study how to design the optimal client sampling strat-
egy to minimize FL wall-clock time with convergence
guarantees. To the best of our knowledge, this is the first
work that aims to optimize client sampling probabilities
to address both system and statistical heterogeneity.

o Convergence Bound for Arbitrary Sampling: Using an
adaptive client sampling and model aggregation design,
we obtain a new tractable convergence upper bound for
FL algorithms with arbitrary client sampling probabilities.
This enables us to establish the analytical relationship
between the total learning time and client sampling
probabilities and formulate a non-convex training time
minimization problem.

o Optimization Algorithm and Sampling Principle: We pro-

4For example, suppose there are 100 clients with only 5 stragglers, then the

probability of sampling at least a straggler for uniformly sampling 10 clients
in each round is more than 40%.

pose a low-cost substitute sampling approach to learn the
convergence-related unknown parameters and develop an
efficient algorithm to approximately solve the non-convex
problem with low computational complexity. Our solution
characterizes the impact of communication time (system
heterogeneity) and data quantity and quality (statistical
heterogeneity) on the optimal client sampling design.

o Simulation and Prototype Experimentation: We evaluate
the performance of our proposed algorithms through
both a simulated environment and a hardware prototype.
Experimental results demonstrate that for both convex
and non-convex learning models, our proposed sampling
scheme significantly reduces the convergence time com-
pared to several baseline sampling schemes. For example,
with our hardware prototype and the EMNIST dataset,
our sampling scheme spends 73% less time than baseline
uniform sampling for reaching the same target loss.

II. RELATED WORK

Active client sampling and selection play a crucial role in
addressing the statistical and system heterogeneity challenges
in cross-device FL. In the existing literature, the research
efforts in speeding up the training process mainly focus
on two aspects: importance sampling and resource-aware
optimization-based approaches.

define The goal of importance sampling is to reduce
the variance in traditional optimization algorithms based on
stochastic gradient descent (SGD), where SGD draws data
samples uniformly at random during the learning process
(e.g., [21]-[24]). Recent works have adopted this idea in FL
systems to improve communication efficiency via designing
client sampling strategy. Specifically, clients with “important”
data would have higher probabilities to be sampled in each
round. For example, existing works use clients’ local gradi-
ent information (e.g., [25]-[27]) or local losses (e.g., [28])
to measure the importance of clients’ data. However, these
schemes did not consider the speed of error convergence with
respect to wall-clock time, especially the straggling effect due
to heterogeneous transmission delays.

Another line of works aims to minimize wall-clock time
via resource-aware optimization-based approaches, such as
CPU frequency allocation (e.g., [29]), and communication
bandwidth allocation (e.g., [30], [31]), straggler-aware client
scheduling (e.g., [20], [32]-[37]), parameters control (e.g.,
[36]-[39]), and task offloading (e.g., [40], [41]). While these
papers provided some novel insights, their optimization ap-
proaches did not consider how client sampling affects the total
wall-clock time and thus are orthogonal to our work.

Unlike all the above-mentioned works, our work focuses
on how to design the optimal client sampling strategy that
tackles both system and statistical heterogeneity to minimize
the wall-clock time with convergence guarantees. In addition,
most existing works on FL are based on computer simulations.
In contrast, we implement our algorithm in an actual hardware
prototype with resource-constrained devices, which allows us
to capture real system operations.



The organization of the rest of the paper is as follows.
Section III introduces the system model and problem formu-
lation. Section IV presents our new error-convergence bound
with arbitrary client sampling. Section V gives the optimal
client sampling algorithm and solution insights. Section VI
provides the simulation and prototype experimental results.
We conclude this paper in Section VII.

ITII. PRELIMINARIES AND SYSTEM MODEL

We start by summarizing the basics of FL and its de facto
algorithm FedAvg with unbiased client sampling. Then, we
introduce the proposed adaptive client sampling for statisti-
cal and system heterogeneity based on FedAvg. Finally, we
present our formulated optimization problem.

A. Federated Learning (FL)

Consider a federated learning system involving a set of
N =1,...,N clients, coordinated by a central server. Each
client ¢ has n; local training data samples (X;1,...,X;in,),
and the total number of training data across N devices is
TNt 1= Zfil n;. Further, define f(-,-) as a loss function
where f (w;x; ;) indicates how the machine learning model
parameter w performs on the input data sample x; ;. Thus,
the local loss function of client ¢ can be defined as

1 n
F; (w) := — ijl fw;x ;). ()

Denote p; = % as the weight of the ¢-th device such that
Zil p; = 1. Then, by denoting F'(w) as the global loss
function, the goal of FL is to solve the following optimization

problem [1]:
N
minF (w) := )~ piF; (w). 2)

The most popular and de facto optimization algorithm to
solve (2) is FedAvg [3]. Here, denoting r as the index of an
FL round, we describe one round (e.g., the r-th) of the FedAvg
algorithm as follows:

1) The server uniformly at random samples a subset of K
clients (i.e., K :=|K"| with " CN) and broadcasts the
latest model w” to the selected clients.

2) Each sampled client ¢ chooses WZ’O =w", and runs F
steps® of local SGD on (1) to compute an updated model
w!"¥. Then, the sampled client lets w/ ™' = w’* and
send it back to the server.

3) The server aggregates (with weight p;) the clients’

updated model and computes a new global model w™+!.

The above process repeats for many rounds until the global
loss converges.

Recent works have demonstrated the effectiveness of Fe-
dAvg with theoretical convergence guarantees in various set-
tings [15]-[19]. However, these works assume that the server
samples clients either uniformly at random or proportional
to data size, which may slow down the wall-clock time for
convergence due to the straggling effect and non-i.i.d. data

SE is originally defined as epochs of SGD in [3]. In this paper, we denote
E as the number of local iterations for theoretical analysis.

[20]. Thus, a careful client sampling design should tackle both
system and statistical heterogeneity for fast convergence.
B. System Model of FL with Client Sampling q

We aim to sample clients according to a probability distri-
bution q = {¢;,Vi € N'}, where 0 < ¢; <1 and Zfil q =1.
Through optimizing q, we want to address system and statis-
tical heterogeneity so as to minimize the wall-clock time for
convergence. We describe the system model as follows.

1) Sampling Model: Following recent works [6], [15]-[19],
we assume that the server establishes the sampled client set
K(q)" by sampling K times with replacement from the total
N clients, where K(q)" is a multiset in which a client may
appear more than once. The aggregation weight of each client
i is multiplied by the number of times it appears in K(q)".

2) Statistical Heterogeneity Model: We consider the stan-
dard FL setting where the training data are distributed in an
unbalanced and non-i.i.d. fashion among clients.

3) System Heterogeneity Model: Following the same setup
of [9] and [20], we denote ¢; as the round time of client ¢,
which includes both local model computation time and global
communication time. For simplicity, we assume that ¢; remains
the same across different rounds for each client i, while for
different clients ¢ and j, t; and ¢; can be different. The
extension to time-varying t¢; is left for future work. Without
loss of generality, as illustrated in Fig. 1, we sort all IV clients
in the ascending order {¢;}, such that

H<ty<...<t;<...<ty. (3)

4) Total Wall-clock Time Model: We consider the main-
stream synchronized FL. model where each sampled client
performs multiple (e.g., F) steps of local SGD before sending
back their model updates to the server (e.g., [3], [4], [15]-
[19]). For synchronous FL, the per-round time is limited by
the slowest client (known as straggler). Thus, the per-round
time 7(")(q) of the entire FL process is

T (q) := i} 4
(a) ier)g(%gr){tz} @)

Therefore, the total learning time T, (q, R) after R rounds is
Ti(a, R A " 5
w@R) =) TO(@=) | Jmax {ti}. ()

C. Problem Formulation

Our goal is to minimize the expected total learning time
E[Tii(q, R)], while ensuring that the expected global loss
E[F (w"(q))] converges to the minimum value F* with an €
precision, with w(q) being the aggregated global model after
R rounds with client sampling probabilities q. This translates
into the following problem:

P1: minq,R E[T‘tot(qa R)]

st.  E[F (wfi(q))] — F* <&,
N

Zi:l q;i = 1;
g >0,Yie N, ReZt.
The expectation in E[T,«(q, R)] and E[F (w'(q))] in (6) is
due to the randomness in client sampling q and local SGD.
Solving Problem P1, however, is challenging in two aspects:

(6)



1) It is generally impossible to find out how q and R affect
the final model w*(q) and the corresponding loss func-
tion E[F (w'(q))] before actually training the model.
Hence, we need to obtain an analytical expression with
respect to q and R to predict how they affect wi*(q)
and E[F (wf(q))].

2) The objective E[Ti(q, R)] is complicated to optimize
due to the straggling effect in (5), which can result in
a non-convex optimization problem even for simplest
cases as we will show later.

In Section IV and Section V, we address these two chal-
lenges, respectively, and propose approximate algorithms to
find an approximate solution to Problem P1 efficiently.

IV. CONVERGENCE BOUND FOR ARBITRARY SAMPLING

In this section, we address the first challenge by deriving a
new tractable convergence bound for arbitrary client sampling
probabilities.

A. Machine Learning Model Assumptions

To ensure a tractable convergence analysis, we first state
several assumptions on the local objective functions F; (w).

Assumption 1. L-smooth: For each client i ¢ N, F; is L-
smooth, i.e., |Vf(v)=Vf(w)|| <L||v—wl| for all v and w.

Assumption 2. Strongly-convex: For each client i € N, F; is
u-strongly convex, i.e., Fy(v) > Fi(w)+ (v— w)TVF;(w)+
Ellv —wl|3 for all v and w.
Assumption 3. Bounded local variance: For each device
i € N, the variance of its stochastic gradient is bounded:
E||VF, (wi, &)=V F; (w;)|* < o2
Assumption 4. Bounded local gradient: For each client i €
N, the expected squared norm of stochastic gradients is
bounded: E ||V F; (w;,&)|° < G2

Assumptions 1-3 are common in many existing studies
of convex FL problems, such as ¢s-norm regularized linear
regression, logistic regression (e.g., [7], [18], [19], [25], [28],
[42]). Nevertheless, the experimental results to be presented
in Section VI show that our approach also works well for
non-convex loss functions. Assumption 4, however, is a less
restricted version of the assumption made in [7], [18], [19],
[25], [28], [42], where those studies have assumed that G; is
uniformly bounded by a universal G. Instead, we allow each
client ¢ to have a unique G;, which yields our optimal client
sampling design as we will show later.

B. Aggregation with Arbitrary Client Sampling Probabilities

This section shows how to aggregate clients’ model updates
under sampling probabilities q, such that the aggregated
global model is unbiased compared to that with full client
participation, which leads to our convergence result.

We first define the virtual weighted aggregated model with
full client participation in round r as

N

r+1
>

With this, we can derive the following result.

Wil =

)

Algorithm 1: FL with Arbitrary Client Sampling
,(JN}, K, E7

Input: Sampling probabilities q = {q1, . ..
precision e, initial model wo
Output: Final model parameter w’
1 for r < 0,1,2,..., R do
2 Server randomly samples a subset of clients K(q)"
according to q, and sends current global model w" to
the selected clients; // Sampling
3 Each sampled client ¢ lets w O« w", and performs

wI T Wi "V E (W) 'J 9Y,j=0,1,..., B,

and lets w/ !« wi¥ // Computation
4 Each sampled client 7 sends back updated model W’Jrl

to the server ; // Communication
5 Server computes a new global model parameter as

r+1 r Pi r+1
W e W Yoy oy (W

// Aggregation

—w) ;

Lemma 1. (Adaptive Client Sampling and Model Aggre-
gation) When clients K(q)" are sampled with probability

a = {q1,...qn} and their local updates are aggregated as
witl — w4 Zie’c(q)r Ié’—;] (W:-H — w’"), we have
E}C(q)r [WT-H] =w ()

Proof Sketch. The basic idea is to take expectation over the
aggregated global model of the sampled clients K(q)", and
with some mathematical derivations, we have (8). O
Remark: The key insight of our sampling and aggrega-
tion is that since we sample different clients with different
probabilities (e.g., ¢; for client ©), we need to inversely re-
weight their updated model in the aggregation step (e.g., q%
for client i), such that the aggregated model is still unbiased
towards that with full client participation. We summarize how
the server performs client sampling and model aggregation in
Algorithm 1, where the main differences compared to the de
facto FedAvg in [3] are the Sampling (Line 2) and Aggregation
(Line 5) procedures. Notably, Algorithm 1 recovers FedAvg
algorithm with uniform sampling when letting ¢; = or
with weighted sampling when letting ¢; = p; in [18].
C. Main Convergence Result for Arbitrary Client Sampling

L
N°

Based on Lemma 1, we present the main convergence result
for arbitrary client sampling in Theorem 1.

Theorem 1. (Convergence Upper Bound) Let Assumptions
1104 hold v = max{ 8L 'E\, and decaying learning rate
Ny = ("/ - For given cltent sampling probabilities q =

{q1,...,qn} and the corresponding aggregation described in

Lemma 1, the optimality gap after R rounds satisfies

E[F (wh(@)] - F* < & (X}, ”7%7 8). ©
where o = 85}? and ﬂ HQE 12L F—|— HW —w*|?,

with B= Z pios +82 piG?E? and I‘zF*—ZizlpiF{‘.
i=1 i=1

Proof Sketch. First, following the similar proof of convergence
under full client participation in [18], [42], we show that
E[F (WF))] — F* < £, where E[F (WF))] is the expected
global loss after R rounds with full participation, and 3 is
the same as in (9). Then, for client sampling probabilities q,



as we have shown that the expected aggregated global model
IE;C( yr[w" *1] is unbiased compared to full participation wtt
in Lemma 1, we can show that the expected difference of the
two (sampling variance) is bounded as follows:

- pl = E).
After that we use induction to obtain a non-recursive bound
on Ex(q) ||w * |2, which is converted to a bound on
E[F (w"(q))] — F* using L-smoothness. Finally, we show
that the main difference of the contraction bound compared to
full client participation is the samphng Varlance in (10), which
yields the additional term of aZN piG o £ in (9). O

Our convergence bound in (9) charact%nzes the relationship
between client sampling probabilities q and the number of
rounds R for reaching the target precision (E[F (W'))] —
F* < €). Notably, our bound generalizes the convergence
results in [18], where clients are uniformly sampled (¢; = %)
or weighted sampled (q; = p;). Moreover, our convergence
bound also motivates the optimal client sampling design for
homogeneous systems, i.e., all clients with the same commu-
nication time tg, as follows.

wrtl Wr+1H2 <

(10)

Corollary 1. For FL with homogeneous communication time
ie, t; = to, for all i € N, the optimal client sampling
probabilities q for Problem PI is

4 = piGi /Z;V:l ;G (an

Proof.  When clients have the same communication time, the
round time 7" (q) in (4) is fixed as to, and thus minimiz-
ing the total learning time E[Tiw(q, R)] in Problem PI is
equivalent to minimizing the total number of communication
rounds for reaching the target precision e. Hence, by letting
E[F (w(q, R))] — F* = ¢, and by moving R in (9) from the
right hand side to the left hand side of inequality, we have

N
R<1 (az AR +ﬁ) .
=1

Thus, for a target precision €, computing the optimal sampling
q for minimizing the upper bound of R is equivalent to solving

(12)

ZN P;G}

N =g (13)
S.t. Zi:l q =1, q > 0,vi € N.

The problem in (13) can be easily solved with the Lagrange

multiplier method in closed form as shown in (11). O]

ming

In the following, we show how to leverage the derived
convergence bound in Theorem 1 to design the optimal client
sampling for the general heterogeneous system of Problem P1.

V. OPTIMAL ADAPTIVE CLIENT SAMPLING ALGORITHM

In this section, we first obtain the analytical expression
of the expected total learning time E[Ti,| with sampling
probabilities q and training round R. Then, we formulate an
approximate problem of the original Problem P1 based on the
convergence upper bound in Theorem 1. Finally, we develop
an efficient algorithm to solve the new problem with insightful
sampling principles.

A. Analytical Expression for E[Ti,(q)]
Theorem 2. The expected total learning time E[Ti(q, R)] is

et -2, (o) (00|

Proof Sketch. The idea is to show that with sampling proba-
bilities q, the expected per-round time E[T(")(q)] in (4) is

Y {(22:1%)}( (Z;=11Qj>K: ti.

We first show that the probability of client ¢ being the slowest
one (e.g., straggler) amongst the K sampled clients in each
round is (2]21 q;)% 7(23 11 ;). Since we sample devices
according to q, taking the expectation of all N clients over
time g; gives (15), and for R rounds we have (14). O

t;R. (14)

E[T")(q)] = (15)

B. Approximate Optimization Problem for Problem P1

Based on Theorem 2, and by letting the analytical conver-
gence upper bound in (9) satisfy the convergence constraint,’
the original Problem P1 can be approximated as

. N i K -1 \&
P2: mingp >, (Zj—l q]‘) _(27—1 qj) tiRR
st 4 (ax B ) <
N
Zi:l ql = 17
¢ >0YieN, ReZ™ .

Combining with (9), we can see that Problem P2 is more
constrained than Problem P1, i.e., any feasible solution of
Problem P2 is also feasible for Problem P1.

We further relax R as a continuous variable to theoretically

analyze Problem P2. For this relaxed problem, suppose (q*,
R*) is the optimal solution, then we must have

Rl* (O‘ZN PZ i +ﬁ)
This is because if (17) holds with an inequality, we can always
find an R’ < R* that satisfies (17) with equality, but the
solution (¢*, R’) can further reduce the objective function
value. Therefore, for the optimal R, (17) always holds, and

we can obtain R from (17) and substitute it into the objective
of Problem P2. Then, the objective of Problem P2 is

(i_vll [(23_1 qj)K— (Zi qjﬂ tz) (a% PGl 4 ﬁ), (18)

which’ is only associated with client sampling probabilities q.

The objective function (18), however, is still difficult to op-
timize because the sampling probabilities q is in a polynomial
sum with an order K. For analytical tractability, we define an
approximation of E[T(")(q)] as

(16)

a7)

a;

E[T™ (q

zq”

The approximation E[T(")(q)] is exactly the same as
E[T(")(q)] in the following two cases.

(19)

5Optimization using upper bound as an approximation has also been
adopted in [29], [30], [38], [39].

7For ease of analysis, we omit € as it is a constant multiplied by the entire
objective function.



Case 1: For homogeneous t; (t; = tg,Vi € N), we have
. K . K
B0 @l = X [(Sia) - (S0 6) |0
K 20
{(Zé\’_l qj) - 0} to = [1K—0K]t, (20)

N " r
=2 im1 Giti = E[T")(q)].
Case 2: For heterogeneous ¢; with K = 1, we have

B =S5 (Sne) - (S50) |6 o,
= vazl qit; = E[T(T) ()]

For the general case, we can consider E[T(")(q)] as an approx-
imation to E[T(")(q)]. Using this approximation, Problem P2
can be expressed as

22
P3: ming (Zf;l qiti> (0‘2?]_1 piqgi +ﬂ)
7

st. SN =1, ¢ >0Vie{l,...N}.

Remark: The objective function of Problem P3 is in a more
straightforward form compared to Problem P2. However, to
solve for the optimal sampling probabilities q, we need to
know the value of the parameters in (22), e.g., G, «, and 8.3

In the following, we solve Problem P3 as an approximation
of the original Problem P1. Our empirical results in Section VI
demonstrate that the solution obtained from solving Problem
P3 achieves superior total wall-clock time performances com-
pared to baseline client sampling schemes.

C. Solving Problem P3

Problem P3 is challenging to solve because we can only
obtain the unknown parameters GG;, « and 3 during the training
process of FL. In this subsection, we first show how to estimate
these unknown parameters. Then, we develop an efficient
algorithm to solve Problem P3. We summarize the overall
algorithm in Algorithm 2. Finally, we identify some insightful
solution properties.

(22)

1) Estimation of Parameters G; and % We first show
how to estimate 2 via a substitute sampling scheme.’ Then,
we show that we can indirectly acquire the knowledge of G;
during the estimation process of %

The basic idea is to utilize the derived convergence upper
bound in (9) to approximately solve % as a single variable, via
performing Algorithm 1 with two baseline sampling schemes:
uniform sampling q; with ¢; = % and weighted sampling q2
with g; = p;, respectively.

Note that we only let sampling schemes q; and g run
until a pre-defined loss Fy is reached (instead of running all
the way until they converge to the precision €), because our
goal is to find and run with the optimal sampling scheme q*
so that we can achieve the target precision with the minimum
wall-clock time.

8We assume that clients’ heterogeneous time t; and their dataset size p;
can be measured offline.

9We only need to estimate the value of & instead of c and 3 each, because
we can divide parameter « on the objective of Problem P3 without affecting
the optimal sapling solution.

Algorithm 2: Approximate Optimal Client Sampling
for FL with System and Statistical Heterogeneity

Input: N, K, E, t;, pi, Wo, loss F, precision €g
Output: Approximation of q*

1 for s« 1,2,...,S do

2 Server runs Algorithm 1 with uniform sampling q:1 and
weighted sampling q2, respectively;

3 The sampled clients send back their local gradient norm
information along with their updated models;

4 Server updates all clients’ G; based on the received

gradient norms;
Server records Rq,,s and Rq, s when reaching Fy;
Calculate average % using (24);
for M(éo) —t1,t1 +€o,t1 +2€0...,tn do
Substitute M (eo), 2, N, t;, pi, G; into P4;

9 Solve P4 via CVX, and obtain q* (M (eo))
10 return q" (M (ep)) < argminy e,y 9" (M (eo))

e N N w

Specifically, suppose Rg, s and Rq, , are the number of
rounds for reaching the pre-defined loss F for schemes q; and
g2, respectively. Considering that the training loss decreases
quickly at the beginning and slowly when approaching con-
vergence, the values of Ry, and R, are normally very small
compared to the required number of rounds for reaching the
target loss (with precision €). According to (9), we have

(E9 7F*)Rq175 zaNZfilprZ2+6’ (23)
(Fs = F*) Ryy s ~ 0‘211\;1 piG? + 8.
Based on (23), we have
N
qu,s ~ aNZlZl pZQG’LQ + /8 (24)

Rqs s Oézijil piG? + 3 .
(e}

Then, we can obtain % from (24) once we know the value
of G;. Notably, we can estimate G; during the procedure
of estimating % The idea is to let the sampled clients send
back the norm of their local SGD along with their returned
local model updates, and then the server updates G; with
the received norm values. This approach does not add much
communication overhead, since we only need to additionally
transmit the value of the gradient norm (e.g., only a few bits
for quantization) instead of the full gradient information. In
addition, instead of retraining the model using the calculated
q* from the initial parameter wq, we can continue to train the
global model after the estimation process, to avoid repeated
training and reduce the overall training time.

In practice, due to the sampling variance, we may set several
different F to obtain an averaged estimation of % The overall
estimation process corresponds to Lines 1-6 of Algorithm 2.

2) Optimization Algorithm for q*: We first identify the
property of Problem P3 and then show how to compute q*.
Theorem 3. Problem P3 is non-convex.

Proof Sketch. The idea is to show that the Hessian of

the objective function in Problem P3 is not positive semi-
Ve

definite. For example, for N = 2 case, we have 0527[7:“"] =

0*E[Tw] O°E[Tw] _ (O*E[Tal ¥ _

02q -

2aq2t2(prf - o EN
q2 q10q2

@}
2 <t1p§G§
—a G2 _
a3

> 0, whereas

fop2 G2 2
i) <0.0



To solve Problem P3, we define a new control variable

N
M=)~ ati, (25)
where t; < M < ty. Then, we rewrite Problem P3 as
2 ~2
P4: ming s g(q, M) :=M- (aZf\; BGE 5)
N
S.t. Zlil q; = 17 (26)
Zi:l Qth = M7
g >0,VieN.

For any fixed feasible value of M € [t;,¢x], Problem P4 is
convex with q, because the objective function is strictly convex
and the constraints are linear.

We will solve Problem P4 in two steps. First, for any fixed
M, we will solve for the optimal q*(M) in Problem P4, via
a convex optimization tool, e.g., CVX [43]. This allows us to
write the objective function of Problem P4 as g(q* (M), M).
Then we will further solve the problem by using a linear search
method with a fixed step-size €y over the interval [t1,ty],
where we use the optimal M*(ey) and the corresponding
q*(M*(ep)) in the search domain to approximate the opti-
mal M* and q* in Problem P4. This optimization process
corresponds to Lines 7-10 of Algorithm 2.

Remark: Our optimization algorithm is efficient in the
sense that the linear search domain [¢1,y] is independent of
the scale of the problem, e.g., number of N.

3) Property of Optimal Client Sampling: Next we show
some interesting properties of the optimal sampling strategy.

Theorem 4. Suppose q* is the optimal solution of Problem
P3. For two different clients i and j, if t; < t; and p;G; >
p;iGj, then qf > gj.

Proof Sketch. The idea is to show by contradiction that if
q; < gq;, we can simply let ¢; = ¢}, q; = ¢; such that ¢; > ¢
and achieve a smaller E[Tio(q;, ¢;)] than E[Tie(q;, ¢)]. O

Theorem 4 shows that the optimal client sampling strategy
should allocate higher probabilities to those who have smaller
t; and larger product value of p;G;, which characterizes
the impact and interplay between system heterogeneity and
statistical heterogeneity. Although it may be infeasible to
derive an analytical relationship regarding the exact impact
of t; and p;G; on q* due to non-convexity of Problem P3,
we show by Corollary 2 that we can obtain the closed-form
solution of q* with ¢; and p;G; when g — 0.

Corollary 2. When g — 0, the global optimal solution of

Problem P3 is
piGi N p;G;
Vi / 2=

Proof. If g — 0, because vazl q;t; is bounded between

4 = 27

[t1,tn], we have (ZZ\; qiti> g — 0. Then, the objective of
Problem P3 can be written as

ming (Zzlil Qiti) (vazl }727?2) : (28)

I
~4oj_

Raspberry Pi (No.21~40) I
. - - 7 e
) | 4

Raspberry Pi (No.1~20)

- Y- -:?‘F;- &

Fig. 2. Hardware prototype with the laptop serving as the central server and
40 Raspberry Pis serving as clients. During the FL experiments, we place the
router 5 meters away from all the devices.

By Cauchy-Schwarz inequality, we have

(% (M)Z) (i (321)2> > @lﬁi-meif.

=1 7

(29)

Hence, the minimum of (28) is (Zivzl \/t:-piGif, which
is independent of q. The equality of (29) holds if and only if
Vait; = ¢ pi—\/% (for an arbitrary scalar c). Noting vazl g =1
yields (27) and concludes the proof. O

Though Corollary 2 is valid only for the special case of g —
0, the global optimal sampling solution in (27) characterizes
an analytical interplay between the system heterogeneity (¢;)
and statistical heterogeneity (p;G;). Particularly, when ¢; =t,
for each i € N, q* in (27) recovers the optimal sampling
solution in Corollary 1 for homogeneous systems.

VI. EXPERIMENTAL EVALUATION

In this section, we empirically evaluate the performance
of our proposed client sampling scheme (Algorithm 2) and
compare it with four other benchmarks in each round: 1)
full participation, 2) uniform sampling, 3) weighted sampling,
and 4) statistical sampling where we sample clients according
to Corollary 1. Benchmarks 1-3 are widely adopted for
convergence guarantees in [15]-[19]. The fourth baseline is
an offline variant of the proposed schemes in [25], [26].!°

In the following, we first present the evaluation setup and
then show the experimental results.

A. Experimental Setup

1) Platforms: We conduct experiments both on a networked
hardware prototype system and in a simulated environment.'!
As illustrated in Fig. 2, our prototype system consists of N =
40 Raspberry Pis serving as clients and a laptop computer
acting as the central server. All devices are interconnected
via an enterprise-grade Wi-Fi router. We develop a TCP-based
socket interface for the communication between the server and
clients with bandwidth control. In the simulated system, we
simulate N = 100 virtual devices and a virtual central server.

10The client sampling in [25], [26] is weighted by the norm of the local
stochastic gradient in each round, which frequently requires the knowledge
of stochastic gradient from all clients to calculate the sampling probabilities.

"IThe prototype implementation allows us to capture real system opera-
tion time, and the simulation system allows us to simulate large-scale FL
environments with manipulative parameters.



TABLE I

PERFORMANCES OF WALL-CLOCK TIME FOR REACHING TARGET LOSS FOR DIFFERENT SAMPLING SCHEMES

Sampling scheme
Setup

proposed sampling

statistical sampling

weighted sampling

uniform sampling

full participation

Prototype Setup (EMNIST dataset)

733.2s

2095.0 s (2.9%)

2221.7 5 (3.0%)

2691.5 s (3.7x)"

2748.4 5 (3.7x)

Simulation Setup 1 (Synthetic dataset)

445.5 s

952.4 s (2.1x)

940.2 s (2.1)

933.8 5 (2.1x)

1526.8 s (3.4X)

Simulation Setup 2 (MNIST dataset)

245.5 s

373.8 s (1.5%)

542.9 s (2.2X)

NA

898.1 s (3.7x)

T “3.7x” represents the wall-clock time ratio of uniform sampling over proposed sampling for reaching the target loss, which is equivalent to proposed

sampling takes 73% less time than uniform sampling.

(a) Loss with wall-clock time
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(c) Loss with number of rounds

Fig. 3. Performance of Prototype Setup with logistic regression model, EMNIST dataset, uniform communication time, and target loss 1.19.

2) Datasets and Models: We evaluate our results on two
real datasets and a synthetic dataset. For the real dataset, we
adopted the widely used MNIST dataset and EMNIST dataset
[6]. For the synthetic dataset, we follow a similar setup to
that in [18], which generates 60-dimensional random vectors
as input data. We adopt both the convex multinomial logistic
regression model and the non-convex convolutional neural
network (CNN) model with LeNet-5 architecture [44].

3) Implementation: we consider three experimental setups.

o Prototype Setup: We conduct the first experiment on
the prototype system using logistic regression and the
EMNIST dataset. To generate heterogeneous data parti-
tion, similar to [6], we randomly subsample 33, 036 lower
case character samples from the EMNIST dataset and
distribute among N =40 edge devices in an unbalanced
(i.e., different devices have different numbers of data
samples, following a power-law distribution) and non-
i.i.d. fashion (i.e., each device has a randomly chosen
number of classes, ranging from 1 to 10).'

o Simulation Setup 1: We conduct the second experiment
in the simulated system using logistic regression and the
Synthetic dataset. To simulate a heterogeneous setting, we
use the non-i.i.d. Synthetic (1,1) setting. We generate
20, 509 data samples and distribute them among N =100
clients in an unbalanced power-law distribution.

« Simulation Setup 2: We conduct the third experiment in
the simulated system using CNN and the MNIST dataset,
where we randomly subsample 15, 129 data samples from
MNIST and distribute them among N =100 clients in an

12The number of samples and the number of classes are randomly matched,
such that clients with more data samples may not have more classes.

unbalanced (following the power-law distribution) and
non-i.i.d. (i.e., each device has 1-6 classes) fashion.

4) Training Parameters: For all experiments, we initialize
our model with wg=0 and use an SGD batch size of b = 24.
We use an initial learning rate of g = 0.1 with a decay rate
of %, where 7 is the communication round index. We adopt
the similar FedAvg settings as in [4], [18], [25], [32], where
we sample 10% of all clients in each round, i.e., K =4 for
Prototype Setup and K =10 for Simulation Setups, with each

client performing E = 50 local iterations.!?

5) Heterogeneous System Parameters: For the Prototype
Setup, to enable a heterogeneous communication time, we
control clients’ communication bandwidth and generate a uni-
form distribution t; ~ ¢/(0.187,7.159) seconds, with a mean
of 3.648 seconds and the standard deviation of 2.071 seconds.
For the simulation system, we generate the client transmission
delays with an exponential distribution, i.e., t; ~ exp (1)
seconds, with both mean and standard deviation as 1 second.

B. Performance Results

We evaluate the wall-clock time performances of both the
global training loss and test accuracy on the aggregated model
in each round for all sampling schemes. We average each
experiment over 50 independent runs. For a fair comparison,
we use the same random seed to compare sampling schemes
in a single run and vary random seeds across different runs.

Fig. 3-5 show the results of Prototype Setup, Simulation
Setup 1, and Simulation Setup 2, respectively. We summarize
the key observations as follows.

13We also conduct experiments both on Prototype and Simulation Setups
with variant £ and K, which show a similar performance as the experiments
in this paper, and due to page limitations, we do not illustrate them all.
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Fig. 4. Performance of Simulation Setup 1 with logistic regression model, Synthetic (1, 1) dataset, exponential communication time, and target loss 0.78.
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Fig. 5. Performance of Simulation Setup 2 with CNN model, MNIST dataset, exponential communication time, and target loss 0.1.

1) Loss with Wall-clock Time: As predicted by our theory,
Figs. 3(a)-5(a) show that our proposed sampling scheme
achieves the same target loss with significantly less time,
compared to the baseline sampling schemes. Specifically, for
Prototype Setup in Fig. 3(a), our proposed sampling scheme
spends around 73% less time than full sampling and uniform
sampling and around 66% less time than weighted sampling
and statistical sampling for reaching the same target loss.
Fig. 5(a) highlights the fact that our proposed sampling works
well with the non-convex CNN model, under which the naive
uniform sampling cannot reach the target loss within 900
seconds, indicating the importance of a careful client sampling
design. Table I summarizes the superior performances of our
proposed sampling scheme in wall-clock time for reaching
target loss in all three setups.

2) Accuracy with Wall-clock Time: As shown in Fig. 3(b)—
5(b), our proposed sampling scheme achieves the target test
accuracy'® much faster than the other benchmarks. Notably,
for Simulation Setup 1 with the target test accuracy of 75.3%
in Fig. 4(b), our proposed sampling scheme takes around 70%
less time than full sampling and around 46% less time than
the other sampling schemes. We can also observe the superior
test accuracy performance of our proposed sampling schemes
in Prototype Setup and non-convex Simulation Setup 2 in
Fig. 3(b) and Fig. 5(b), respectively.

4In Fig. 3(b), Fig. 4(b), and Fig. 5(b), the target test accuracy corresponds
to the test accuracy result when our proposed scheme reaches the target loss.

3) Loss with Number of Rounds: Fig. 3(c)-5(c) show that
our proposed sampling scheme requires more training rounds
for reaching the target loss compared to baseline statistical
sampling and full participation schemes. This observation
is expected since our proposed sampling scheme aims to
minimize the wall-clock time instead of the number of rounds.
Nevertheless, we notice that statistical sampling performs bet-
ter than the other sampling schemes, which verifies Corollary 1
since the performance of loss with respect to the number of
rounds is equivalent to that with respect to wall-clock time for
homogeneous systems.

VII. CONCLUSION AND FUTURE WORK

In this work, we studied the optimal client sampling strategy
that addresses the system and statistical heterogeneity in FL
to minimize the wall-clock convergence time. We obtained
a new tractable convergence bound for FL algorithms with
arbitrary client sampling probabilities. Based on the bound, we
formulated a non-convex wall-clock time minimization prob-
lem. We developed an efficient algorithm to learn the unknown
parameters in the convergence bound and designed a low-
complexity algorithm to approximately solve the non-convex
problem. Our solution characterizes the interplay between
clients’ communication delays (system heterogeneity) and data
importance (statistical heterogeneity), and their impact on the
optimal client sampling design. Experimental results validated
the superiority of our proposed scheme compared to several
baselines in speeding up wall-clock convergence time.
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